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EX §: Sove L gty = (M.
adx
- The auxiliary equationis D%+ k% = 0.
(D* + 2D K% + k*) - (2D? k%) =0
(D% + k3% - (J2.DK)2 =0

(DszE-'Dk+k2)(DZ+J§.Dk+k2)=o

Now, D?~V2.Dk+k? =0 gives D = k2 ik
V2

D? +J2 « Dk + K2 = 0 gives Dzﬂkiik
' 32

Since, we have two pairs of complex roots, the solution is

y = e““’[é“[c, cos(k/v2) x + ¢, sin(k/J2) x]

+ e('k’ﬁ)" [03 c;os(k/‘/g)“ Cy4 sin(k/JE) x]

A ~ ”~
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£y o . v
Ex. 2! gove: (DP-D-2)y=2log ><+i+l2 >

X (June 2
Sol. :
Stepl: A Eis DP-D-2=0
Roots :2,-1
C.F.is y = cle.“+c2e'x

Step I1 :  P. L is given by,
|
(D-2)(D+1)

Lot o Lo 210gx+l+—1-
3(-2) 3O+ X ¥
. 1 1,1 l 1_ o
3 D -2 [210g‘(+ +32] 37 )[2 log x+x+x2]

. ’ 1 . omn : :
(usng—_ﬁX—e "‘Ie'mx‘X. dx )

y = : [Zlog X +:1E + —1"2:\ by Partial fractions
= X

i

i

1 ox [ 2x 1.1 1 %[ ox 1.1
3¢ js [210gx+x+x2 dx . Ie (210gx+x+x2)dx

Putting — 2x = t in the first integral, we get

1 2x [t t) 2 4](_dt)_1 ~ 1.4
E.e"_[e {2103(—2j—t-+[2}[ 2]—38 Ie" [21ogx+x+-x2} dx
_L o ax [ ) 2] 1 2l ax [ X N (2.1

3 © _[e Hlog(zj t}+{t+ﬂ%d¥ J-e [(ZIng-X]+[x+x2ﬂ dx

We make the arrangements of the terms so that we can use

Je* [f(x) + f'(x)} dx = " f(x) =~ % & | [et {log [";} ] - %] - -:],’— e [e" [2 log x -:E]

- _l 2x | 2% l __l, -X | X 1
3 © {e {logx+xﬂ 3¢ [c {Zlogx—x}]

-.-2x = {

_ 1 - —
= -3 {log X+ = } {2 log x x} log x .. (2)
e

- X

is y = ¢c,e +¢, e —logx. 'lakhi

Il

Www

—

From (1) and (2), G.S.
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Solve : (D? + 5D + 6) y = e sec® x (1 +2tanx) 7 a

Clearly . C. F. 1s

c. e~ X yc e X

{ 1 2
%, 1 5
y = — ¢ . sec’x (1+ 2 tan x)
(D+2)(D+3)

= L - L [e‘?"seczx(1+2tanx)]
D+2 Q,+3

= g X jezx e 2 sec?x (1 + 2 tan x) - dx

o Ich e” X sec’x (1 + 2 tan x) - dx
= g X :12 ,[ (2 sec’x) (1 + 2 tan x) - dx
f £

_ g% j e [ sec?x + 2 tan x - sec’x] - dx

f f
g 1 & fz 'x X
[ using If f = *2-and_e(f+f’)~e,f(x) ]
. s
. M)} - 3%, e% . sec? x
2 i 2
= :l{e'“[l+4tanx+4tan2x—4seczx]
1 3%
= 3¢ [ 4 tan x = 3 ]

From (1) and (2),

R | G.S.1s y = clc'2x+cze'3x+%e'2x(4tanx—3) —
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( D?+3D+2)y =sine’. £ Y | L SR

We find C.F. Auxiliary Equation is D*> +3D +2 =0
Roots are -2 , -1 (real and distinct )

s CFE. 1is V= G, e 2% 4 c, e - (@)

1 —gin ¢ by Partial fraction,
D +1) (D +2)

1 -1 o B v e Xy .
) [BZI’B‘ZE]S"‘(“ "D WO gy mE)

= e~ ,[ & sin (¢¥).dx —e2 % j. e sin (€¥).dx

. 1. is y =

1 I
X = ,[e X, dx
bing D + m) .

Let e =t -eldx=dt

T R T Y R N

y =e I sin t dt — e™** jt. sin t. dt

= ™ (—cost ) — ™ [t (—cost) «(1) (-sint)]

il

—e™ cos (€ )-e™" [-ex cos (¢¥) +sin(ex)]

e, ; X
= ~¢2¥sine

< . -2x -X -2X - X
. = - sin (e
& G S 1s y c e +c e —e (e”)
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_BX. §Solve (D2 +a 2) y = Sec ax.
. The auxiliary equationis D2+ a*=0 .. D=+ai,-ai
The C.F.is y = ¢4 cos ax + & sin ax.

1 1
P..= sec ax = . — Sec ax
D? + a° (D + ai) (D - ai)
1 [ 1 1
_ — - |sec ax
_Zai{D—ai D + ai
|
= U -secax - -—-1—*—-: sec BXJ
2al — ai D + ai

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi



Naviakhi®
P

Tel: 9769479368 / 9820246760

1 i L .
= — [ea”‘je 3“‘secaxdx—e--a”‘jea”‘secaxdx]
2ai
1 |
E—-—[ ""“‘J(cos ax - isinax) sec ax dx

s "‘j (cos ax + i sinax) sec ax dx]

_ 1 a:x | -aix

=l j(1 itanax)dx - e J(1 + itan ax) dx]
1 air;{ / ' —aix[ i

=—ie" "{x~—-—logsecax;-e ix+—-logsecax
2ai 1 a ‘ a

i

H

" (cos ax + i sinax) Jfx =l log sec a)r1
Dai " 72" !
f

- i
—(cosax - i sinax) -1x + —logsec ax”

a

2i
= 421xsmax——~~cos xlogsecaxl
Zéi."k a )

) S 1
= —SInax - —; cos axlogsec ax
a 32

X 1
= —SInax + - cos axlogcos ax
a a°

. The complete solution is

. X . 1
Y = C€1€08aX + & sinax + — sinax + —; cos axlogcos ax. :
_WV a 32 <hi
I - -
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2
AP%. 2 : Solve (02 + 3 2) = 2atan ax.

l. : The auxiliary equationis D2+ 22=0 - D=ai - aj
The C.F.is y.= ¢, cos ax+ ¢, sin ax.
24 1 1
P.l.= tan ax = —[ - ]tanax
D + &° itD-ai D+ ai]
1 . .
Now, ————tanax = ea”‘j e ?'* tan ax dx

= g/ "'j (cos ax — isinax) tan ax dx

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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WWa

= a“"_[(smax— isec ax + i cos ax) dx

' cosax | n ax i 1
=g - —-——Iogtan(m + smax
a a 4

- 1 (cos ax ~ isinax) + —’-log tan (—TF- + f—ﬂ
a a 4 2

| S |

éfX i '
=-2 e ?'* + _jogtan L)
a a 4 2

- 1+ie"“'""logtan{-ﬂ- +§—£J
a \4 2

Changing 7 to —i,

\]
tanax = -—--1-[1-—:&:- a’”logtan(: ‘?JJ

D+a; a {
7 ai i’ T ax
Pl=-i-—(e?* e 8 X} tan( )
i[ 277+ 7 )iog 3772
2 eaix+e—aix
=—-— Iogtan ]
a 2 \4 2y
2 T ax)
= ——cosaxlogtan | — + ==
a 2 )

. The complete solution is

2 (n' ax
y = CyCos ax *-cgsmax—--—cosaxlogtan -Z- .
\

3 khi
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ﬁtSolve (D2 -6D+9)y = e>* (1+ x).

: The jéuxiliary equationis D°-6D+9=0
. (D-3¥=0 .. D=3,3.

. The C.F.is y =(Cy + & X) e

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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~. The complete solution is

2 3
— X
K Y"(C1+02X)93x+—-—esx+i--esx_
o 2 6 _
) i
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e < 1

X. ]% (D’-4D+4)y = 8x%.e**.sin2x W (Dec. 97, 6 X

Sol.: AE isD?-4D+4=0 Roots : 2, 2

CF.is y = (clx+cz)ez"
Pl is - y = — : 2:‘i;';z--ez”:-sin.’lx
(D -2)
_e2x_ 1 1 | 1
=8e" " —————x"sin2x (Using ——e**.V =¢** V) 1§
D +2-2) (Using +0) fO+a) ")

2x 1 2 w11 ) 4
8¢ X~D—2x sin2x = 8 ¢ D{szsnﬂ —’—Se“ Ux sin 2 x - -:'

-

X = _[x dx using the generalised formula of integration by parts, we get 3"

x 1 2 s
= gl E[X( c052 x} (2x)( élZ—XJJr(Z)[COSszX)J

Agam applying the formula,

=8e2x[_%{x2(sm2x}( iy )( COSZXJ+(2)(-Sin82,§]}
LI (. stx 1(sin2 :
+2{x( J}W[ 25]] |

2
= 8e2"[—3;—sin2x—-z}gcoslx+§stxJ

I

E

GS.is y =CF+PIL

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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4 W
X

d

e
A (DP=1)y = (1+¢°)
AE isD*-1 =0

(D-1)(D*+D+1) = 0

=1+41=4
2

-
b4
O
l

I

V3
2

. D=1 T ——;J_ri
z, G- 18

_ " -x/2 '\(E ) . ﬁ
y = c e +e C, C0S =~ X + ¢, si—— X i)

Pl is

1

2x
D?-1 ) |

l - (1+28+e%) = (& T ™ pe

D3 -1

= —1+2 1 XL G

(D—l)(—x)_i;ﬂ;l) D3 -1

- _ X x 1 2
= l+23e toe ..(ii)

F}om (1), (i1); General Solution 1s y = C.F. +P.L
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ngg _ISolve:(D3—DZ—D+1)y=coshxsinx. /RQ:/ (Dec. 97,5 M
Sol. :
AE isD}-D?-D+1 =0
L (D*=1)(D-1) =0
~(D=1Y(D+1) = 0
Roots are 1, 1, — 1.

-. C.F. is |
y = (¢, +c,x)e"+c e "
Pl is
y = : (coshx-sinx) = : l(:a"+e:"‘)sjnx
D} -D?-D+1 D’-D?-D+12
=1 3 21 exsinx+l 3 21 e *sin x
2p’-p*-D+1 2p’-D*-D+1
1 & 1 :
=€ 2 Sin X
2 (D+1)Y-(D+1)*-(D+1)+1

_x 1

1
2% (D-1P-(D-1P-(D1)+1

+ sin X

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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"g-—ﬂl-"—sinx +e—x L sin X S
2 p34+2D? 2 pD}_4D*+4D ‘
_e_ sin X + e ” 1 sin X
2 -D=2 2 3D +4
e-x 3D"'4 .,
= sin X + 5 sin x
2 9p?-16
_ _c"[cosx-2sinx) e "(3cosx-dsinx
2 -5 2 - 25
eX e ¥
= 10(cosx 2sinx)-—— 0 (3cosx—4sinx)

General Solution is
ex e"X
_ -—x X . il . _ _ .
y =c,e +(c,+c,x)e +—10(cosx 2sinx) 50 (3 cos x—4sinx)

-

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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g‘\[ = aaX bx
—(a+b)dx+aby e +e . 33 (Dec.

_ 4d

Let D = dx

[Dz—(a+b)D+ab}y = ¢ 4

AE is(D-a)(D-b) = 0
Roots are a, b
. CFis

 PLis

= (&™)
. a- :

. General Solution is

= - ,ax bx X ax _ .bx
y = C.F.+P.I.—-cleJ+cze_%(a_b)(e 'e_ )

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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: 2
\}6 6d—g+17g§+12y=e‘3m+2". Ay/

dx (Dec. %
1. :
_d
Let D = dx
_3x
[6D2+17D+12]y = ¢ 242%
AE is6D*+1D+12 = 0
(6D*+9D +8D +12) = 0
S (3D+4)(2D+3) = 0
_ _4 3
D= -3.73
W o T
& _3x
y = ¢e 3+c,e 2 1)
PI. 1s
, _3x
y = 2 (e 2 +2x)
(6D“+17D +12)
3
_ 1 ,_e_7x+ 1 x log 2
2 2 ©
6D“ + 17D + 12 6D+ 17D + 12
. 3% f-
_ 1 T2 4 1 X log2
(3D+4)(2D +3) 6(log2)*+17 (log2)+12 ]

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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1 - 1

3Ix

= -2xe 2 + L

__ 6(log2 2 +17 (log 2) + 12
General- Solution 1s given by (i) and (ii),

2X

ie. y = CF. +PI is General Solution

g X-e + 2 .
[*E”) 6 (log2) +17 (log2)+12

2){

..(11)

www.navlakhi.com -or- navlakhi.mobi
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L 2 !-I
: u+291+y=e"xlogx+)<2. @

d?  dx (Dec. 99, 16 Marks)
e
' 4
Let D = dx
(D*+2D +1)y = ¢ ¥-log x+x°
- AE. 1s |
(D+1)* =0
Roots are -1, ~ 1
.~ CF. 1s
y = (¢ +c,x)e” " ..(0)
Pl 1s
1 -x 2. _ 1 -x 1 2
= —— (e “logx+x")=— ¢ “=log XKbm——"—2%
Y (D+1)? (D+1) (D+1)>?

s 1 -2 2
=ex§10gx+(l+D) - X

~2) (-3
ze_x%[jlogx-dx]+[l+(-—2)D+( )2( )D2:|X2
= e_X%[xlogx—x]+[x2~4x+6]

"= e_x-jxlogx-dx—-jx-dx}+(x2—4x+6).

2 2 2 :
-x| X x“ 1 X 2. .,
=g XLEIng_I_{.;'dXd?:I + (X" —4x+6)
2 s S
_ ~x| X X X 2 _ 6
g G [2logx 1 z}f(x 4x+6)

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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Iw
gX+3y=e"mszx+c>os3><. E

Ex D: d_ZJ
Sol. :

dx (May 98, 5 Marks),(Dec
I
Let D = a
(D’-4D +3)y = e® cos 2x + cos 3x
AE. isD*-4D+3 = 0
Roots are 3, 1.
CF.isy = c, c3x+cze"
Pl is
1 X
y = ——————( €" cos 2x + cos 3x
D2—4D+3( ‘ )
= ¢* 5 L cos 2X + cos 3x
(D+1)*-4(D+1)+3 D“~4D +3
= eF 2 cos 2X + cos 3x
D*-2D - e
= ex—*l———c052x+——l~—0033x
~4-2D -4D -6
X (D-2 2D -3
= & 5 . |cos 2x —l*("-“z-—“)—cosBx
-2 D*-4 2 (4D%-9)
_ e* [ —2sin 2x - 2 cos 2x _ 1 (-6sin3x -3 cos 3x )-
-2 -8 2 - 45
" 1
= ——S(Sin2x+0032x) —E(Zsin3x+cos3x)
.. General Solution is
y = CF. +PL
e 1
Y = % e3x+c2cx ——8~-(sin2x+cos2x)—3—6(2sin3x+cos3x)-
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SEh opsolve Y 4%~ 508 h2x (M.U. 1993, 94,
. dx dx

: The auxiliary equationis D? -4D =0
D(D"-4)=0 .. D=0,2 -2

.. CF.is y=c +ce%* + ;ye™?".

1 1 e%* 4 g~2¥ ‘
P.l.= ————2cos h° (2x) = 2]
4D D3 - 4D

e (847 £ 2 4+ 67)

1]
1
| i
I
-
>
{
| %
|
|..;
o
i
A
b
b il

. _Lsin h4x.
4
-. The complete solution is

2X -2x X 1 .
=0 + Cr€°" + Cre ~— 3+ —Sin h4x.
y=¢ 2 G T

e ]

: vevvvv.llaku\lll.\_unl VI THHAVYIANI I 111VWVI INNUIIAatl Inaviianitii

-
4
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(o
Lt (02—1)(Dz+1)=0 s D=1, -1, 4~

. TheC.Fis y=cie" +ce7 " +c3cos x+ Gy sinx.

Pl= (e* + cos xcos 3x)

D% -1

= D41 1 [e” + -;—(cos 4x + Ccos 2)():\ [ Note this. |

= L e* +—.
(D-1)(D+1)(D? +1) 2 (0*-1)

=Xex. —1—cos4x + -1—0032)(.
4 510 30

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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- @Ex. ?;Solve (D=7 (D% + 1)y = ” + sin? (x12).

Sol. : The auxiliary equation is (D~ 12 (D2 4+ 1) = ¢
D=11,4i-i

» The CFis y = (¢ + cox)e* + (€5 cos x + ¢, sin x).

‘ 1
P.l= e* + si 2 X

1 X 1
Now, — % . X
o (D-—1)2(D‘?+1)e 21°2°
1 .
and sin2 X - 1 [1 - Cos X
O-10*+9 " 2 -2 (DP+)l 2

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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_ 1 (_1_ 0")-—_— 1 (lcosx}
"(0-1)2(02+1)\28 (D=1 (D* +1) \2

s LI | . i — t-- coS x)
“1)2(1) 2 (DP-2D0+1)(D°+1)\2

1 1___(_0_0.?_{)
2 -2D (D +1)\ 2

(Or you can use formulae (1) of page 10.20 directly).
Hence, the complete solution is
- 2
o1 ox 1 X
y =(Cy + CpXx)€" + C3C08 X + C4 sinx+ — o€ 3 5 oS X.

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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IX. 'Solve (D2 +2)y = e*cos x + x%e3*, (M.U.

The auxiliary equationis D2 +2 =0
D= iiBei~dEei
. The C.F.is y:c1cosJ§-x+czsinJ§-x.
——e¥cosx = e 12 C3S X
D? +2 (D12 +2

1
:exo

Pl=

scosXx=e%.
D2+ZD+3 2D+ 2

<er. 1. D] ccosx =g+t (~sin " —cos x)
2 D° -1 2 -2 ~
X

1,.
=€ -Z(smx—'r- COS X)

CLs X

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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06\:\ TI F;so
RN
ISO
g
9001:2015

&

£
OmpAS

As in example 4 above P, corresponding to the second part

3x
e
_ [Xz _12x N 50
11 11 121
. The complete solution is

. . . 1
y 1cos\/§ x+0251nJ5-x+e"-z(smx+cosx)

3x
e
' + 11 (Xz—lg+50)
| =42
X R Qe 1B e o 121

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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i’&.’x.i’ﬁ?olve (D°-7D-6) y = cos hxcos X, (M.U. 2
+ The auxiliary equation is 0° = 7D — g - 0.
D°+D?-D?_p_gp_g-o¢
(D+1)(D°-D-6)=0
(D+1)(D+2)(D-——3)=0 - D=-1,-2, 3

- TheC.Fis y=c,e* + C 672 4 ¢y 037

X -
P.l.= 3 i Cos hxcos x = 3 J Al *COS X
D°-7D-6 D°-7D-6 2
Now, 3 ! +e*cos x = e*. 3 L COS x
D° -7D -6 (D+1) —-7(D+1)-—6
-_ex. 1
N 0% +302 _4p_ 45 5%
1
:ex.-—D—S-éiD 2 0S X (Putting D2 = — 1)
1 X 1 1x (0-3)
= -~ a% COS X = ——e* Cos x
5 D+3 S (D*-yg)
{ - e*
=_-5_e-("1_9)-(D—S)cos,vr:-ga(-smx—Scosx)

Similarly, we find that

1 - 9™
= _— 6.6 Xcosxz—-s—d—(acosx—SSinx)

. The complete solution is

- i 1 .
Yy=6i167" 40,672 + ¢y esx-Taa-ex(SInx+Scosx)

LI :
+ = € "(3cos x ~ 5sin X). lavlakhi
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VEX. thil (M.U. 1991)
?__:The aux:hary gquationis D2-4=0 . D=2 -2

www.navlakhi.com -or- navlakhi.mobi Kunal Navlakhi
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06\:\ TI F;so
RN
ISO
g
9001:2015

&

£
OmpAS

:—l[x-e"* ! 2|+ ) x-e ¥ X
6 D -4 6 "02_4'2("9 )}
~ 1Fx o XJ 1 2
=~—flxee"+Ze¥ 4]y, ~ g X
3 6[ M R J
Xy —-x 1 2
=-2{e¥ _ ¢ I X
Al e
:___x_(e":-e"’"_?_ e"+e ¥} x 2
3L 5 5| 75 =é—smhx—§coshx
. The complete solution is
2 "
y=cie“+ce — —sinhx - Z¢os hx.

www.navlakhi.com -or- navlakhi.mobi

Kunal Navlakhi



Naviakhi®

/—-ﬂ

Tel: 9769479368 / 9820246760

g 2 (il = 21 x(1—oos2x\]
D"« 4 D°+4 2 /
T
:__,._,_1_-_. - 1 XCOS 2X.

- X
2 pD?+4 2 D?+4

N » 1 x—l-1 1—22_ X"J—X
ow 3 7.2 27| i g

k! l—--»xcost = 1F!. P. of —-—-1———x- e?!¥
2 D°+4 2 D? + 4

:-;—R P. of ezfx' ! X

(D+2i)° +4

= —R.P.of e o —X

PN —
N
=

O

n

=

=

O

1

- LR P ofe®*. L

. X
4iD [1+(D/4i)]
L H, Bf 62”'—.1—-—’ 1"97 S

2 4iD 4i
_ 1R P ofe?iFe o x-1

2 4iD 41

- 1R p. of ez""-l{fz——i}

no

o 4i

_ 1R p of %% -x—2-,-+i
2 8i 16

X  x
= —R. P. of (cos 2x + isin2x)| — + —
8i 16

2
= . COsS2X + 2 sin2x
32 16

. The complete solution is

2

e , X X X" . ST
WWwWWw.nayv y = C1€08 2X + Cp SiN2X + -8- = —3—2’ COS 2X — -'E sin2x. Navlakhi
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Sol. :
Step I : CF. is

}X- ﬁ: Solve : (D? + 1) y = tan x ”\‘/ (May 9"8, 6 Mark;

¥ =g cosx+c25inx

Let P. I. be Yy = ucos-X +vsin x

Step II : Dy = (u cosx +7Vsin x) + (= u sin x + v cos x)
Let ucosx+vsinx = 0 . (3)
Dy = (~usinx + v cos x) |
D% = (—u'sinx'+v’cosx)+(-ucosx-—vsinx) | - !
= (-u'sinx+v cosx) -y \ ﬁ
(D2+1)y = —u sinx+v cos x .

Comparing with the given equation
-usinx+vcosx = tan x .. (4);
Solving (3) and (4), we get ' J

: sin® x ‘ ,
u = - v = s§inx
cos X
1 - cos? x J‘
= -]———dx= - secxdx+Icosx-
oS X ’ dx
u = -log (sec x +tan x) + sin X, v = - cos x
- PoL s y = —cos x - log (sec x + tan x) + sin x - cos x - sin x - cos x
= =—cos x - log (sec x + tan x)
S G S is Yy = €, C0osX+c,sinx ~cos x log (sec x + tan x)
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<\

y Use method of variation of parameters to solve the differential equation y +3y +2y =e°
:  (Dec. 95, Dec. 99, 5 Marks)

d
Let D = dx

., (D*+3D+2)y = ¢
AE isD?*+3D+2 = 0

Roots are —1,-2

.. CF.isy = ¢, e “+c,e wil1)
Let P.I. be
y = ue “+ve .. (i)
where u, v are functions of x.
Dy = (u'c'x+v'e_2x)+(—ue_x—lve"zx) ...(1ii)
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Letue *+ve =90

_ _ D?y = (—u'c'x—Zv’c_zx)+(ue_x+4ve_2x)
L (DX+3D+2)y = —ue¥o2v e &

Comparing with the given equation

—ve ooy E =
Taking (iii) + (iv); we get,
Ve X =
v o= —e.ef
vV = I 2. ¢® . dx

ve X = e""x
u o= efet
Integrating Sou = je" e . dx
Let &* =t=‘|‘et-dt=e‘=eex

- From (v) and (vi),

Pl 1s
y = ee’t e—x+(cex_ex ee")e—zx

= o X, ¢
s GS.is
y = CF. + PL
-X -2x 2x e

(V)
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. A
W Solve : &Y =y by the method of variation of parameters. 7

dx? 1+¢e (Dec. 97, 6 Marks)
et D= %4>

(DP-1)y = —=

£ l+e

& o .

# AE isD“-1 =0

~ Roots are + 1

= # CFisy = ¢ef+c e | W)
| LetPlL be
’% y = ue*+ve " L)

Dy = (ue+ve ¥)+(ue*-ve )
Let ue+ve ™ =0 ...(iii)
Dy = (ue-ve X)+(uet+ve ¥)

(D*-1)y = uef-ve*

Luek-ve X = 2 ..(1v)
1+e*
dding (iii) and (iv),
; 1 1
u = — Soou = | o dXx
e*(1+e*) e (e*+1)
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-~ Lete *+1 =

_ u-1 ? . . _
o—e ¥.dx du=_[.( _u'.-)(":':du).-"'-_ _—.I_du+]_%’-du ='—u-:+1'o_g-u__.
= —¢ *-l+log(e *+1)

Taking (iii) — (iv); we get,

1y % - 22
1+¢e*
r --ex
v = -
e“+1
v o= —log(e*+1)

Substituting (v) and (vi) in (ii), we get, |
PL y-m= [;e_x—' 1+log (e *+1 )}ex_ ~e log(e*+1)

oy = —1-e"+etlog (€7 +1) ~e *log (e*+1)
.. General Solution is ’ “ ¥ . -
| y = CF.+PlL o |
,. ra
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V 6(’ Using method of variation of parameters. /Q/

Solve the equation :
2

Py sdy o - ¥
7 6dx+9y 2
1 |
d
LetD = —
£ dx
. eSx
(D*-6D +9)y-= -
2
X
AE. is
D?-6D+9 = 0
(D-3) = 0
. Roots are 3, 3.
. CF. is
s 3x
y = (cl+czx)e
Let-P.I. be

y = (u+vx)e™

ueX+v(xe

Dy = [u'e3x+v'(xe3x):l +[3ue3x+v(e3x+3xe3x):|

3x)

<
I
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reX+v (xe) = 0

utxv = 0 ..(iii)

3uc3x+v(e3"+3 x eX

DZy i |:3u133x+v-‘(e3x+3xc3x)} +u[983}(]+v(3 33X+363X+9xe3}()
3x

=)

g

3

(D*-6D+9)y = 3u ¥ +v (X +3xe

Comparing with the given equation,

t 3 3y 33){
FoePdve” (143K) = ~5
X
' r 1
3u+v (l+3X) = —3
X
’ I3 : I
3(u+xv)+v = —
X
| From (i),
; 1
3O = 5
X
o QS
2
_ 1 '
P VT Tx ..(Av)
Now, from (ii1),
[ ' l
n = —Xv = “); u = —logx (v)

. from (ii), P.I. 1s
| y = [—logx—]]eBX:—(1+logx)e3x
- General Solutionisy = CF. +PL
e,y = (Cl+02x)e3x—(1+10gx)e3x

= (cl—1)133"+c2xe3"-—logx-e3x

i.e. General Solution is

' 3 :
y = cle3x+c2xex—logx-eqx _ L

-
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e
\5(‘551 Solve : (Dz-} D)y = 5e* - sin 2x using method of undetermined coefficients.
‘ (Dec. ¢

Sol. :
AE. isD*+D = 0
Roots, are 0, — 1.
-C.F. 1s y = o ¥, e
Let P.I. be
y = Ae®+Bsin 2x + C cos 2x
Dy = Ae*+2B cos 2x - 2C sin 2x
D%y = A e*-4B sin 2x - 4C cos 2x
Substituting in the given equation,
(Ae*-4Bsin2x-4Ccos 2x)+(Ae*+2B cos 2x —2Csin2x) = 5¢* —sin2x
s 2Ae"-sin2x (4B +2C)+cos 2x (2B--4C) ='5¢* —sin2x
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“Comparing coefficients,

A = 5 L A=5/2
L 4B +2C = 1

E | and 2B-4C = 0

?;Solvmg

I P

j B =73 > 10

S PLis

s 3 x. Ll 1
y = 5¢ +55m2x+wces2x

. General Solution is

"+§e" +lsi112x+-1~—c052x

Yy = Cl-l'CzC 2 5 10
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06“ Tl F;so
RN
ISO
g
9001:2015

&

£Y
OmpAS

2

¢ X

Let D =

(D?-3D+2)y

AE. isD*-3D +2
Roots are 1, 2

.. CF. 1s

il

| Let PI. be
y —

Dy =

D’y =
Substituting in the given equation,

" Solve : —d—!—-3—qx+2y =% +1.

Use method of undetermined |

d

dx

x2+1

X 2X
cle +C26
Ax2+Bx+:C |
2Ax+B

2A
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o (ZA)"3(ZAX+B)+2(AX2+BX+C) - X2+1
Equating coefficients, we get,

1 - 3
-2 B= -2
2 2 C 4
Pl is
2
_ X 3x 9
| TR
me (1) and (iii),
Gener al Solution is,
y = CF. +Pl.
X 3
y = c,ef+c X X X 9
] " 5+ 5
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Let P.1. be
| y = AeX+Bx>+Cx+D
Dy = 3Ae*+2Bx+C
, D’y = 9Ae™+2B
Substituting in the given equation, . - 1
[9Ae3“+2}3]+3[3Ae3"+2Bx+c] +2[Ae3"+Bx2+Cx+D]=10e3"+4x’f
© (20A)e* +2Bx2+(6B +2C)x +2B+3C+2D =10 e +4 X2 ;
 Comparing coefficients.

20A = 10 K %
2B = 4 B =2
6B +2C = C= -6
2B+3C+2D = 0 D = =7
s Pl is
_ 1 3y B
y 5 € +2x°-6x-7 4

- From (i) and (i),
General Solution is

y = CEA+RL=g, e_zx+‘c2e_"+-;-e3x+2x2—6x—7
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42
\A'!’lSolve Fx% - 2% +3y = x° + sin2x.

: The auxiliary equation is D2+ 2D+ 3 =0

2+2J2
D= 2‘/5’-_-14_-\/51'

. The C.F.is y = e*{(c, cosv2 x + Cs Sin \/Ex).

Letthe Pl.be y = Ax® + Bx+ C+ Pcos 2x + Qsin2x
Dy=2 Ax+ B-2Psin 2x + 2Q cos 2x
D? y=2A-4Pcos 2x~4Q sin 2x.
Putting these values in the given equation.
2A ~4Pcos 2x~4Qsin 2x ~ 4Ax~ 28
+ 4P sin 2x - 4Q cos 2x + 3Ax° + 3Bx |
+3C+ 3Pcos2x+3Qsin2x = x2 + sin 2x.
: 3Ax2+(38-4A)x+(2A-2B+SC) )
+(4P- Q) sin2x+ (- P-4Q) = x2 + sin 2x .
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- Equating the coefficients.
34=1 . A=) 3B-44-=0 - a8=2 . pg_4
' 3 3 9

2A-2B+3C=0 .'.-?-—--§-+3C=0 BC=—2- C=-—~2-—-
3 9 9
4P-Q=1 and P+4Q=0 - P=-40

-16Q-Q=1 - Oz-—_—l, P=+i..
17 17

oo Pl= —1-x2+ix+—?—+—'icos2x-——1—sin2x
3 9 27 17 17

. The compiete solution is
y = e"(cicos\/Ex+ozsinJ§x)
1 4 4
=X r X+ 2 + —COS 2X ~ -11—?sin2x.

/ 3 9 17 17
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- i 'Y 17/
ﬁ.ﬂolve (D2-D)y=e*sinx
: The auxiliary equation is D (D-1)=0 & D
-~ TheCFisy=c,+c,e”*
Assume P.l. as y = Ae *sin x + Be* cos x.

(M

|

0; 1.

Dy = Ae* sin x + Ae* cos x + Be* cos x — Be* sin x
=(A-B)e*sin x + (A + B)e*cos x
92}’=(A—5)e" sin x + (A- B)e* cos x

+(A+B)e*cos x - (A+ B)e* sin x
= —2Be* sin x + 2Ae”* cos x
Putting these in the given equation, we get

-2 Be* Sinx + 2 Ae* cos x — (A - B)e* sin x

-(A-B)e* cos x = e* sin x
(~-A-B)e*sinx+(A- B)e*cos x = e* sin x
Equating the coefficients

. 1
~A-B=14and A-B=0 S A= B= -
2
. The compiete solution is

P
y:cg«‘rch—-:e SinX'—"z-e COt X.

[
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.
WOWBI(XZDZ—BXDH”:EQ(}(&J

k3

Let z = logx or x = ¢°

Let 0 = Ed;; and using X' D'=0(0-1).. (0-r+1), we get
00-1)-30+11y = 3% e (87-40+1)y=¢"sinz
T @ e

is a linear equation with constant coefficients.
AE is ©02-40+1 =0
Roots are 2 + V3

(Note : Roots are not complex numbers)

. CFisy = ¢ e®*™24c o2- B)z (D)
. 1 —Z .
Pl 1s = ; e “sinz
Y 24041
= ¢ * : - §ifi § =g ———— gl &
(9—1) —4(6-l)+l “-66+6
—z (5+60) e -
=e 2 elace@zb -1 % nz=_(551nz+6cosz)
e 5_E'esmz(rp y-1)= 75 - 3692 61
. - o |
GS.is y = ezz[cleﬁz+cze" 32714 8 = (5 sin z + 6 cos z)
Replacing z by log x, we get
w 1 :
y = xz[clxﬁ+czx \E]-l-m[55m(logx)+6cos(logx)]
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dx

: The equation is a homogeneous linear equation.

3 2
. -3U+2x2d—)21 42y =10[x+
dx X (May 95)

Let D = dd—x . hence the equation becomes

(x3D3+2x2D2+2]_v = 10(x+;{1—]

Let z = logx,x=¢"

let © =%and

XD =0(0~1)..(0-r+1)
:;B(Gwl)(9-2)+28_(9-l)+2]y§10(ez+e_z)
[83~62+2:Jy = 10(e*+e™ %)

is a linear equation with constant coefficients.
AE is 0°-0%°+2 =0
(0+1)(8%2-26+2) =0
Q =-1,1#i
w Gl s

y = ¢ ¢ “+¢e” (c, cosz+cysinz) ..(1)

1 3
and P.I. is

1 z, ~z
PR e e e +e
(8+1)-—(82~26+2)( )

10[%e2+§-e‘2] ..... (i)

1 (1) and (ii), General Solution is,

— =Z Z
y = ¢ e “+¢ (cycosz+c, 5

- Z
sinz)+ 10[%62+‘Z‘9’“':|
acing z by log x, we get,

o 2l : log x
y = X+x[czcos(10gx)+c3sm(logx):l+5x+2[ ¢ )

www is the General Solution. lakhi
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)Solve the equation,

3 2
xzi—g+2xd—¥+ag!=x+1.
dx dé  dx

: The equation 1s

3 D
xg"d—%—r}xd—zﬁ-ﬂ£1ji = x+1
dx dx dx
T 2
x3 Q_,X+2 de_X+3XQX = x2+x
x> dx? dx
homogencous equation.
| | d
Let D = 4

[x3'D3+2x2D2+3xD]y = x> +x

Let z = logx, x=¢"

d
dz

and x’D' = 6(6-1)..(0-r+1)
[0(B-1)(6-2)+26(0-1)+38]y = e 4 ¢
N L [0%-0%+30]y = P +é
is a linear equation with constant coefficients.
AE is0°-06%24306 =0
ie. 0(0%2-06+3) =0

Let ©

khi
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- 1+V1-12
The roots are 6 =0 ——F—
. B O'l ,\’11
e, 0 = ,2:|:1 5
CF.is |
z/2 \}ll ) \Jll
y = c1+e czcos ) z+c3sm 2 A
and P is
1 2z z
= e +e")
’ 9(82—8+3)(
- 1 622 _1_ez
2(5) 3
- 1 2 _l_z
108 +38
From (i), (i), G.S. is
V11 \“1 1 1
/2 . 4 22 1z
y = ¢ +¢ [czcos szHesino—z | ¥y ety

replacing e” by x,

N \}11 1 1
y = ¢ +\[;[c cos( L logx}ﬂ: s'm[ log x +—=x>+—x

1 3 2 10 3
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4 2

('% Solve:xzd—z—2><%xx-4y=xz+2|09x-
Y dx? -

l. :

1 equation is,

2
X2 d—X—2XQX~4y = x2+210gx
dx? dx

1e equation 1s homogeneous.

d
dx
[x2D2—2xD—4]y = x“+2logx

Let, D =

Let z = logx,x=¢",0=—+

xD =6(06-1)..(06-1+1)
s [0(6-1)-206-4]y =% +22
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s (9%-36-4)y = e hi40 7
ﬁu' differential equation with constant coefficients.
AE. is0*-30-4
(6-4)(06+1) =0

i
=

its are 4, — 1 | |
3 L
~CFisy = cie4z+cze 2 ®
1 22
- - 21— (e®+22)
P Y e2-30-4
1
y = 1 i 5 z
9?-30-4 T 0%-30-4

(i)

i 1 2z Z 3
4 o o D
y =c e +c,e SAARERE
ing ¢” by x and z by log x, we get,
2 -
y =¢C :*14+—C _%____g_lozx+% is General Solution.
1
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Solve the equation,

2-d——)l+2x—M 20y = (x+1)
dx?

ol. © The equation 1s,

2 ).
X2 u+2xgz—20y = (x+1)

@

dx? dx

he equation is homogeneous.
d
Let D = ix

2
[2D*+2xD-20]y = (x+1)
| d
Let z = logx, x = €7, e_dz
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and x' D'

[6(0-1)+20-20]y = (1+¢*)’

0(0-1)..(0-1+1)

[02+0+20]y = I+2P+e%

AE is024+6-20 = 0

6 =-54
s CRasy =g C_SZ+CQB4Z
and PI. is
1 z 2z 1 0-z z 2z
= (1+2&*+e2)=-———— [ 2+2e* +e%]
T 40-20 62 +0-20
= 0.z 1 z __1__ 22__L_i z_i 2z
T T ATttt 20 17° T 14°
. - - 5z 4z 1 l Z_L 2z
G.S.l_g y cle et — o =17 T4 C
Replacing e” by x; we get,
=i+c x4-“-—+lx—- x? is General Solution
N O U A V!
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4 . For steady heat flow through the wall of a hollow sphere of inner and outer radii r; and 1,

2 i
sphere is given by rd—u+2@ = 0, If u, and u, are temperatures at inner and outy

dar? dr __
surfaces of the sphere find u in terms of r. (May 98, 5 Marks) (Dec. 98, 6 Marks)

ol. : The given equation can be written as i
d? du i

/" _ > respectively, the temperature u at a distance r (where r, <r<r, ) from the centre of t

.

u — —
' Py +2r dr 0
is a homogeneous equation
d
Let D = R

[?D?+21D]Ju =0

d
= = p?- = —
Let z = logr, e,G_dZ

D =6,?°D?=06(8-1)

The equation becomes
[6(6-1)+20]u =0

(62+6)u =0
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. GS. is
B = +C, 8"
)
u o=+ : ..(1)
. We impose the given conditions :
' =T when u = u,
b, =c p2 (2)
6 _
=3 when u = u,
“ |
2 T & +€ ..(3)

i = | et
2 2
: L 5

(o
1 ™Y 2
L 5% )
rnrn(u-u)

2 (rz_r])

Taking (2) x 1, — (3 ) x 1, we get,

=Tl =06 —5LE = (5~0)%

o o e

_ C]_ = -

Ll

(tu-ru) rr(u-u,)
2 ThY )

= . 1 1~ %

5 L L= ) r(rz—rl)
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= sin (log x). (M.U. 1991, 92)
2utting z= log xand X =e? we get
[D(D~-1)~3D+5}y =sinz . (D2—4D+5)y:sinz
~. The AE.is (D - 4D + 5) = 0.
D—-i-égi:ZH
v The CF.is y = €®(c,cos 2 + ¢, sin 2).
1

. 1 ’
D% _4D+5 4D+ 4 [ Y§_90fChapter10]

1 D+1
= smz--- D+1)sinz
-4 02_1 ( )

=l( oS Z + 5in 2)
8

-. The complete solution is
y = e?? (cycos Z+ Cpsinz) + -é-(cos Z + sin 2)
Resubstituting in terms of x, we get,

1 | :
y = x2 (cycoslog x + G sinlog X) + = {cos log x + sinlog x).

2 x.
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/mSolve xsg—a-—-—-x2——;2—+2xdy-—2y=x3+3x. (M.U. 19¢
d -

Puttmg z=log xand x= e*, we get .
3z
[D(o-)(D-2)- DD -1)+20 2]y =¢6"° + 3e ¢

(i'i)?’—302—%20«02+D+2D—2)y=e?’'+3eZ
- (D? - 40P +5D.-2)y= e + 3¢f

. The AE.is D - 4D? 5D -2=0.

. D -pP-a3D*-3D+2D-2=0

. (D-(Df-38D+2y=0C -~ (D-N(D-M (D-2)=0
. D=11,2

. The C.Fis y = (¢ + Ca2) o7 + cye™°
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P.I.= L R 1 367
(D-1)2(D-2) (D-102(D - 2)
1
= 5 e37 4 z* . 3e‘
(3-12(3-2) 2 (1-2)°
3z .
e 22
= -~ 3%
| 4 2
. The complete solution is |
32
y =(c1 +co2) €% + c36%% 4+ s __ 32° e’

4 2

3
V= (61 + czl0g.x) x + cax® + 2 - 2 1og 2
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ay dy -
K@Solve. x° P Sx—a; +5y = x° sin log x.

As seen in the example 2 above

~ — 22 :
C.F.=e"“(cicos 2 + &, sin 2)
Pl ] e

' ¥sir1z
D° 4D+ 5
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06\:\ TI F;so
RN
ISO
g
9001:2015

&

£
OmpAS

2Z | 1
(D+2)°~4(D+2)+5

=e s5inz

- 922

. sinZ
D?+1

| =ezz-[———2£]cosz | [ By §9(a) of Ct

The complete solution is

: 1
y = e2%(c;cos z + ¢, sin 2) — —2-922 »ZCOS Z

y = x*° (¢ coslog x + ¢, sinlog x) - -% x? log x cos log x.
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% 2 i %
(8}180!\/&: X i3 Bx-g—}-(— +y= Sinlop X} +1 .
aix? ax X

utting z=log x and x = e %, we get
(D(D-1)-3D+1]y = (sinz+ 1)+
A (D? 4D+ Yy =€ 2sinz+e?

.. The AE.is D2 ~4D+1=0 .. D=2%43,

(M.U. 2002)

. The C.F.is y = Ael2*¥3)z 4 ggle-Varz .
y = 2 (Ae‘g'z + Be V32 ) ‘which can be expressed as
y = ezz(qcosh\[g-z+ Co sithE. z)
.fore™? = ! e“zzle-z
D% — 4D +1 6

z 1

. T - sinz
(D-1) 4(D-1)+1

'l.fore %sinz=e"

-z Z

kg = sinZ=@6 “ . sin z
D? -6D0+6 5-60

el 2 . 5+6_E_)”§_sinz:e_z(5smz+6¢osz)
25 - 360 61

. The complete solution is
1
y = e%(cicoshV3 +z + cgsinhﬁ-z)+—é—e z

e-—-Z
+ —(5sinz + 6cos 2)
61

y = x2[c1cosh(~/§iogx)+cgsinh(f§logx)]+-61;

1 ’
WWY + ET; [5sin(log x) + 6 cos (log x)]. akhi
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L [D*¥ 4D +3)y=(1+e }fz

.. The AE.is D? + 4D + 3 = 0.

L (D+)(D+3)=0 .. D=-1-3
Z

. TheCF.is y =cie” % + cpe %,

Y P R— (z+2e%z+e %

z)
D? +4D + 3
1 1 ap+D?]
Now, Z=— |1+
D?+4D+3 3 3 }

2e %z=2e*%

___,__...1_... -2z zZ e'zz- 3 ! 4
D? +4D + 3 (D-2F+4(D-2)+3

= z=eZ.(-)1-D%""z

——eZ 1+ DPr. )22

. The complete solution is

3 Z 4 z{zz 21_9—21.2

-t | — -
3

T %
y=ce ‘+ce 5 2 2!

logx 4 1{(109::)2 _(Iogx)}_j < logx.

& N
2 3 9 x| 2 2] &
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\/%Solvexz 3 +x-—--+y log x » sin (log x).
: Putting z=log x and x = e %, we get

DD~ +D+1ly=2zsinz X

. [Dz+1]y=zsinz ‘

. TheAE.is D°+1=0 .. D=i-i

~ TheC.F.is y=cycosz+ ¢ sinz.

Pl = Zsinz

D2+1
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=|.P.of L e'?.z

=LPote% oo __.
(D + ,")2 + 1

1

=].P.of e'?
D? +2iD

"

=1.P.of g%+ —1_ [1 o 2

2
. 2. 1 D
=LP.of &4 . [1 - ﬂ-] s

2iD 2i
=1.P.of &'%. J Foch ]{
: iD | 27 |
1ol 1)
=LP.of €% s ... el
57 \> 57 %
i .
1Pof ezt 12 2
2i |2 2i
/
=lP.of{cos z + isinz) .. 1 2. o 2
| 2i |2 2i]
=LP.of (cos # - isin 2) ;(— -f—\’ !fz— + :z__.«_)
L 2/ 2 |

2

z .
== — COSZ + - Sin 2
4 4

ie complete solution is

23
_ Y 2
y-qcosz-+¢;;srtuz—~-Z-cosz+f:sinz
.4

Y =& cos (log x) + & sin (log x)

(log x)? |
s 094 L o855 g i + QE%;‘:J_ sin (log x).
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2
: Solve (—q- + -” 2L
dx X ) \(4
have
KRNI
XX dx o x]
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q

.....‘.._.. L

d{dy ¥y}, Hd:rf;y}
N dx\_ax xj xidx  x’

Py Ly vy L
dx2 X ax 32 X qax I'e x4
oy, 2 d 1
dxz X ax ,'\g".'+

Multiplying by x 2, we get,

o2

a f 1
Xz ......“?.:. - :';;( _.{._ e

dx.-c. X \1..

Pulting z = log x and x = e %, we get
(D(D ~ 1)+ 2Dly = e~

. The AE isDY + D=0,
D+ h=C D=0 -1

The Cllis ¥y = ¢ ~ @

-2 -22

e =

1 -~227 1
Pl = ———— g = e
DD + 1) 2~ 24 1}

-. The complate solution is

N =

2z -2

- 1
y=0C +0C € 4“56

P B e
. 1|X QXQ hi
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2
M+(1+x)g—)¥(+y=23in[log(1+X)]

dx? (Dec. 95, Dec. 97, 6

Let x+1 =1t

2 :
t dt2+tdt y 2 sin (log t)
Let z =logt .. t=¢* O= d/dz and D = d/dt
and ‘D" =0@®~1)..®-r+1) .. Equation becomes

[0O@-1)+O6+1]y = 2sinz
(82+1)y = 2 sin z

CF. = y =c,cosz+c,sinz
' 1 .
PIL. = y = 2sm z
92+1( )
o
=2(1) € 1sin(er'n/’Z)z-zcosz
1M 2.1
GS = y = ¢, cos flog (1 + x)] ﬂ;cz sin [ log (1 +x)]

~log (x + 1) - cos [log (1 + x)]
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T ] _ 1
(4‘ Solve(3x+2)zgz—x+3(3x+2)l By = 3x% +4 X+

I -
’ Let 3x+2 =1t

dy _ 5 d’y

PR

d XI‘ ) dtr

il
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202 . (D -4 v = L (¢2_

(D 4D =y = =zl )

Let z = logt,

d

dz’

tD" = 6(6-1) ... (0-1r+1), we get,

t =¢e%,0=

1
[6(6-1)+06-4]y *E(ezz—l)

2 _ & 2z _
(8°-4)y =35 (e""-1)
CFis vy = e, e2z+c2 e %2
i 1 I 112 1
Pl 1 = = (a2 _1) = Z 2z 1
B Y Sgmrg g 2’7[4c +4}

= i)%[zezval]

General Solution is from (i) and (ii),

. 27z -2z 1 2z
y = c,e’+c, e ?+—=|z
) I 2 108[”’ H]

Le. y = <:1(3]x+2)2+02—~—~—2
(3x+2)

1 ;
+ Tﬁg[ (3x+2 )2 log (3x +2)+1 ] is the General Solution.
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